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Veering triangulations of pseudo-Anosov mapping tori

S � closed orientable surface with �nite genus

ϕ : S → S � pseudo-Anosov homeomorphism

Consider the homeomorphism
◦
ϕ :

◦
S →

◦
S on S punctured at the

singularities of the invariant foliations of ϕ

M =

(
◦
S × [0, 1]

)/
{(x , 1) ∼ (

◦
ϕ(x), 0)}

Agol '10:

M admits a veering triangulation which combinatorially encodes

information about
◦
S and

◦
ϕ.
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Veering triangulations and �bered faces

H1(M;R)

Minsky-Taylor '16:

If b1(M) > 1 then the constructed

veering triangulation encodes informa-

tion about all �brations lying over the

same �bered face of the Thurston norm

ball.

Hence we can use (layered) veering triangulations to study di�erent

ways in which the same 3-manifold �bers over the circle
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Veering Census (Giannopolous, Schleimer, Segerman)

https://math.okstate.edu/people/segerman/veering.html
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Veering GitHub (Parlak, Schleimer, Segerman)

https://github.com/henryseg/Veering
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Studying �brations using tools from the Veering GitHub

sage: sig = 'eLMkbcddddedde_2100'

sage: import taut_polytope

sage: taut_polytope.is_layered(sig)

True # carries �brations

sage: taut_polytope.cone_in_homology(sig)

[N(1, 0), N(1, 2)] # in�nitely many �brations

sage: taut_polytope.taut_rays(sig) # generators of carried surfaces

[(0, 0, 1, 0, 1, 0, 2, 0), (2, 3, 0, 0, 2, 0, 0, 1), (1, 1, 0, 0, 1, 0, 1, 0),

(1, 2, 0, 0, 0, 1, 0, 0), (2, 0, 0, 1, 2, 0, 3, 0), (3, 0, 0, 4, 0, 3, 0, 2),

(1, 0, 0, 1, 1, 0, 0, 1), (1, 0, 0, 1, 0, 1, 1, 0), (0, 0, 2, 1, 0, 2, 3, 0),

(0, 0, 3, 2, 3, 0, 0, 4), (0, 0, 1, 1, 0, 1, 0, 1), (0, 1, 1, 0, 1, 0, 0, 1),

(0, 1, 1, 0, 0, 1, 1, 0), (0, 3, 2, 0, 0, 2, 0, 1)]
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Studying �brations using tools from the Veering GitHub

sage: weights = (0, 1, 1, 0, 1, 0, 0, 1)

sage: import carried_surface

sage: surface = carried_surface.build_surface(sig, weights)

sage: carried_surface.stratum_from_weights_surface(weights, surface)

((0, 4), [1, 1, 1, 1]) # 4-times punctured sphere, after �lling four 1-prongs

sage: import stretch_factors

sage: P = taut_polytope.projection_to_homology(sig)

sage: P*vector(weights)

(1, 1) # the homology class of the surface in H2(M, ∂M)

sage: stretch_factors.stretch_factor(sig, (1,1))

2.61803398874989 # stretch factor of the monodromy of the �bration
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Many stretch factors in one picture

sage: stretch_factors.level_set_entropy_graph(sig)

�bered class α  stretch factor λ

 entropy log(λ)

entropy for k · α is log(λ)
k

plotted:

unique point on the ray through α with

entropy = 1

(i.e. log(λ) · α)
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